We report on experimental and theoretical studies on recently introduced entanglement measures which use a sum of spin-variance criteria for two spin-1 / 2 particles. Three inequalities are explored which exhibit useful concatenating properties. They are each shown to have greater sensitivities than a Bell's measurement, while each requiring fewer measurements than a Bell's measurement to obtain. The simplest inequality, requiring just four measurements, is shown to be efficient at testing for entanglement in down-conversion sources which naturally exhibit maximally polarized noise. The most complex inequality, requiring just 12 measurements, is shown to have a sensitivity equal to that of the Peres separability criterion for maximally polarized and Werner noise. This increased sensitivity implies optimality of the measure. Recently, there has been a strong interest in determining the degree of entanglement in a quantum system [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] . Entanglement can be represented by a density matrix of a multiparticle system, which cannot be written as the tensor product of the individual density matrices of the particles. The implicit assumption of nonseparability is that the measurement of one particle has an unalterable effect on the measurement outcomes of the other particles to which it is entangled [4] introduced an inseparability criterion based on the sum of variances of a pair of Einstein-PodolskyRosen-type operators. This inseparability criterion was shown to be a necessary and sufficient condition for entanglement for Gaussian states. Later, Julsgaard et al. [7] showed that it was possible to use this sum-variance criterion for discrete states to demonstrate long-lived entanglement in collective spin ensembles. A formal treatment of the sumvariance inseparability criterion for discrete N-level systems was recently done by Hofmann and Takuechi [12], followed by a generalization of the derivation by Gühne [20].
Recently, there has been a strong interest in determining the degree of entanglement in a quantum system [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] . Entanglement can be represented by a density matrix of a multiparticle system, which cannot be written as the tensor product of the individual density matrices of the particles. The implicit assumption of nonseparability is that the measurement of one particle has an unalterable effect on the measurement outcomes of the other particles to which it is entangled [13] [14] [15] [16] [17] [18] [19] even for spacelike separated particles. Many techniques have been developed to determine the amount or degree of entanglement between quantum particles. Such techniques for spin-1 / 2 systems include the Peres-Horodecki criterion [1, 2] , entanglement witnesses [3] , Bell's inequalities [15] , Clauser-Horne-Shimony-Holt (CHSH) inequalities [16] , and entanglement visibility [19] , to name a few.
Similar theoretical efforts have been put forward for continuous variables as well. Of particular interest are the works of Duan et al. [4] , Simon [5] , and Mancini et al. [6] . For example, Mancini et al. derived a momentum-position variance product with a strict lower bound based on the separability of density matrices. Violation of the bound represented a sufficient condition for entanglement. Howell et al. experimentally realized a violation of the momentum-position variance product by two orders of magnitude [11] . Similarly, Duan et al. [4] introduced an inseparability criterion based on the sum of variances of a pair of Einstein-PodolskyRosen-type operators. This inseparability criterion was shown to be a necessary and sufficient condition for entanglement for Gaussian states. Later, Julsgaard et al. [7] showed that it was possible to use this sum-variance criterion for discrete states to demonstrate long-lived entanglement in collective spin ensembles. A formal treatment of the sumvariance inseparability criterion for discrete N-level systems was recently done by Hofmann and Takuechi [12] , followed by a generalization of the derivation by Gühne [20] .
In what follows we shall explore the bounds of the measurable entanglement range for the two-particle spin-1 / 2 sum-variance criterion for various types of noise. As will be seen, the sum-variance criterion allows for the derivation of three inequalities, each with different measurable entanglement ranges. We show that each of the three inequalities have greater sensitivities than a Bell's measurement, with each requiring fewer measurements than a Bell's measurement to obtain. Interestingly from a practical point of view, the inequalities also exhibit a naturally occurring concatenating hierarchy, which could make them very useful for experimental purposes. The least sensitive inequality requires only four measurements to obtain. To achieve a higher sensitivity, one need only append four new measurements to the previous four, thus obtaining the second, more sensitive inequality. For even higher sensitivity, one can simply append a further four new measurements to the previous result to obtain the third inequality. The third inequality, which requires a total of only 12 measurements, is shown to possess optimum sensitivity for two-particle spin-1 / 2 systems with Werner and maximally polarized noise [1] . This is done by comparison of the measurable entanglement range of the inequality to that allowed by the Peres separability criterion [1] . It might be of interest to note that violation of these inequalities is a sign of nonseparability, not necessarily nonlocality. For convenience, all inequalities are written out in intuitive and experimentally tractable forms. The first inequality is seen to be a simple quadratic function of the visibilities in the 0 / 90 and 45/ 135 bases, which many have intuitively felt to be a good measure for entanglement. We show through this inequality that although visibility is sensitive to noise asymmetries, it is still a good signature for entanglement. It will be seen that by concatenating this first inequality with follow-up measurements, it is easy to formulate the more sensitive and robust inequalities which are not sensitive to noise asymmetries and are therefore appropriate for quantifying entanglement. All of these properties are explored theoretically as well as experimentally, showing thereby that this set of inequalities performs better than a Bell's measurement. We believe these type of sum-variance measurements have exciting prospects as potentially standard tools for quantifying entanglement.
The first sum-variance inequality is based on the conditional measurements of the variance of the z and x spin observable under two rotations of the state. Consider the single-particle variance function
Here, ͑⌬ z ͒ 2 and ͑⌬ x ͒ 2 are the variances of the Pauli spin observables.
Now consider a two-particle system. One can envision that if two particles are separable (i.e., not entangled), then a measurement on particle 2 has no effect on the measurement of particle 1. This leads us to a conditional inequality given by
where J + is the sum of variances of particle 2 based on the conditional detection of particle 1, ͉͑⌬ z2 ͒ 2 ͉ 1z + represents the variance of the z operator for particle 2 based on the conditional detection of the particle 1 being in the +z eigenstate, and ͉͑⌬ x2 ͒ 2 ͉ 1x + represents the variance of the x operator for particle 2 based on the conditional detection of the particle 1 being in the +x eigenstate. An analogous expression exists for J − , where the sum of variances of particle 2 is measured based on the conditional detection of particle 1 being in the −x and z eigenstate. At first sight it seems as if J + and J − should be equivalent. However, as is shown later on in the paper, the two expressions have different values for the case of asymmetric noise. It can be shown [12] that
which means that for separable states, the J + value will be greater than or equal to the single-particle variance sum. It is straightforward to see that the same argument applies for J − as well. This is the first inequality.
Without loss of generality, we will assume that the diagonal elements of the density matrix for particle 2 are ͉␣͉ 2 and ͉␤͉ 2 . We also remind the reader that the Pauli matrix of the z component of spin expanded in the z eigenbasis is given by
which, using the definition of the variance, yields
where ͉V z ͉ + is the visibility in the z basis, based on the conditional detection of the particle 1 being in the +z eigenstate. Similarly, repeating these steps in the x eigenbasis and applying these results, we obtain a J value
which is greater than or equal to 1 for separable states. If, instead of using spin, we use the polarization states of light where the z and x bases are replaced by the 0 / 90 and 45/ 135 bases, respectively, and + / − is replaced by H / V, then the following inequality for J H is achieved:
and similarly for J V . Once again it must be kept in mind that although J H and J V look equivalent, they differ in value when asymmetric noise is present. A violation of the inequality in Eq. (8) is then a sufficient condition for nonseparability. Computational simulations were run to test the ability of this inequality to measure entanglement for various choices of density matrices. The density matrices were formed using the method of Peres [1] by summing weighted density matrices representing the ͉ − ͘ Bell singlet state and arbitrarily chosen noise
where p is the weighting factor. It is generally accepted, as per the Peres criterion [1] that for Werner noise ( = I /4 (where I is the identity matrix); i.e., the Werner state [21] ) entanglement exists in the range 1 ജ p Ͼ 1 / 3, whereas for maximally polarized noise entanglement exists in the range 1 ജ p Ͼ 0. The Peres separability criterion states that for a 2 ϫ 2 state, the existence of any negative eigenvalue of a partially transposed density matrix is a necessary and sufficient condition for inseparability (i.e., entanglement) of the two states concerned. It is therefore this criterion which is used to obtain the above theoretical bounds. A Bell's measurement is only sensitive enough to measure inseparability for p Ͼ 1/ ͱ 2 for Werner noise and p Ͼ ͱ 2 − 1 for maximally polarized noise, thus leaving a large unmeasurable range [1] . This range can be probed using the Peres separability criterion, however this requires a full quantum state tomography of the two-particle state which is significantly arduous. For example, James et al. [22] showed experimentally that in addition to the 16 measurements required for quantum state tomography of a pair of qubits, further data analysis and processing needed to be performed to ensure that the reconstructed density matrix was positive semidefinite; a requirement for physical states. Interestingly, the J H measure in Eq. On the down side, however, it is also observed (as briefly mentioned in [12] ) that the values of J H and J V differed from each other as asymmetries were introduced into the noise (e.g., lopsided noise). It is also seen that the measured values of J H/V themselves varied as the measurement bases were simultaneously rotated. What this means experimentally is that for measuring entanglement produced from a down-conversion source, one needs to be careful to align the measurement polarizers to the down-conversion source as well as to each other. It also means that small noise asymmetries naturally arising in experiments will produce slightly different values for J H and J V . This indicates that while in general one needs to take care, the J H/V measurements should be suitable for characterizing entanglement for balanced, polarized noise. Since this is generally the case for downconversion, it implies that that using just four measurements one can obtain a quick test for the existence and magnitude of entanglement.
At this stage we would like to introduce the concatenation properties of this measurement. Using the values obtained for J H , one can do a further four measurements for J V . However, instead of obtaining two separate measurements, it is possible to combine the eight measurements into one single inequality which is insensitive to noise asymmetries as well as simultaneous rotations of the measurement bases; i.e., ideal for characterizing entanglement. This implies that it is sufficient to only align the measurement polarizers to each other without any regard for the source. It should be noted that by using polarizing beam splitters it is just as easy to perform eight measurements as it is to perform four. This concatenated variance for polarization states (as previously derived in [12] ) is
where 1 and 2 represent a polarization measurement on particles 1 and 2, respectively, and ͓ 1 + 2 ͔ 0/90 represents a coincidence measurement between the two particles in the 0 / 90 basis. It should be noted that the notation is slightly different from before since now we are not concerned with conditional measurements, just general coincidences. This inequality is therefore simply the sum of the variances of the coincident polarization measurements in the 0 / 90 and 45/ 135 bases. In an experimental situation, the following would be the equation for calculating the variance in the 0 / 90 basis:
where R HH is the measured rate of horizontal-horizontal coincidences in the 0 / 90 basis, R VV is the measured rate of vertical-vertical coincidences in the 0 / 90 basis, and correspondingly for the other terms. The variance for the 45/ 135 basis is of exactly the same form, with R HH now representing the measured rate of horizontal-horizontal coincidences in the 45/ 135 basis, and correspondingly for the other terms. Using the same simulations as above, it was seen that apart from being more robust, this new measure had an increased sensitivity of p Ͼ 1 / 2 for Werner noise in addition to retaining the high sensitivity of p Ͼ 0 for maximally polarized noise. Experimentally, this means that it is possible to get a robust measurement for entanglement with greater sensitivity than a Bell's measure, but with eight measurements. To make this even more exciting, it is possible to measure the analogous variance of Eq. (11) in the circularly polarized basis, and to concatenate it to the previous inequality to give the following new inequality (as previously derived in [12] ) which has an even greater sensitivity:
Here R / L implies the right and left circularly polarized basis. This measure has an increased sensitivity for Werner noise of p Ͼ 1 / 3, which is also the bound for the Peres seperability criterion. Thus, with twelve measurements in three configurations, it is possible to measure the entire range of allowed entanglement in a spin-1 / 2 (or optically polarized) system, as compared to 16 measurements in four configurations with lower sensitivity for a Bell's measurement. This measurement therefore should be ideal for standardizing entanglement measures in spin-1 / 2 systems. To demonstrate these various qualities of the entanglement measures mentioned above, an experiment is set up which allows us to produce ͉ − ͘ entangled states with a large variety of weighted noise. Using the technique of Mitchell et al. [23] , entangled ͉ − ͘ Bell states are produced using a Bellstate "filter."
The experimental setup is shown in Fig. 1 . A 30-mW cw pump laser centered at 390 nm is focused onto a 2-mm-thick type-II beta-barium-borate (BBO) crystal using a 90-mm focal length lens (not shown). The resulting 780-nm downconverted photons are separated from the pump by using dichroic mirrors. The down-converted photon pairs are then separated from each other at the first polarizing beam splitter. The two photons then traverse the two arms shown in Fig. 1 before being interfered at a 50-50 beam splitter. The two output ports of the beam splitter are coupled into a single- mode fiber for detection in avalanche photodiodes. The path mismatch between the two arms of the interferometer is tuned by using an optical trombone in one arm, along with a half waveplate to match the polarization states of the photons in both arms. In doing so, the Hong-Ou-Mandel interference effect can be charted with respect to path mismatch, with the minimum of the dip corresponding to the best path matching. Using 10-nm interference filters, the width of the dip is measured to be ϳ70 m.
The half waveplate is then rotated so that the polarization states of the two arms are orthogonal to each other. In this way, entanglement can be simulated by postselecting different port output coincidences from the interferometer. The greater the path mismatch of the interferometer, the worse the simulated entanglement. At this point the relative ease of performing a measurement of J H/V must be pointed out. For either one of the J's, only four measurements in only two configurations need to be performed, in contrast to 16 measurements in four configurations for a corresponding Bell measurement. In addition to this, the direct use of visibility in this measurement has great intuitive appeal.
The measured entanglement J H is plotted for various locations along the HOM dip in Fig. 2 . As seen in the figure, measurements are performed at six different locations along visibility dip, with a Bell (CHSH [16] ) measurement also performed for each of the three highest visibilities. Importantly, it can be seen from Fig. 2 that for a visibility of 0.32, J H is measured to be 0.957± 0.0045 (J V is correspondingly 0.912± 0.0055) in clear violation of the lower bound of 1, whereas a Bell measurement gives a corresponding value of 1.937± 0.013 which clearly does not violate its upper bound of 2. L 2 was also measured to be 1.318± 0.004, also in clear violation of its lower bound of 2. This represents an interesting example of the greater sensitivity available when using the J and L inequalities to measure entanglement with highly polarized noise. Using the above measurements, the density matrices of the noise and the entangled states are reconstructed and fed into the computer simulation. The explicit form of the noise was found to be 
͑13͒
For alignment tolerances of ±2°, the above results were reproduced almost exactly for a value of p ϳ 0.37 [as defined in Eq. (9)]. The disparity in J H and J V is due to slight asymmetry in the noise, and is also reproduced in the simulation. The next step is to produce Werner noise to demonstrate the higher sensitivity of the L 3 inequality. This is achieved by increasing the level of the ambient room light until a desired level of background coincidences is achieved. The polarized nature of the down-conversion noise still remains, but is less pronounced. Thus, by varying the level of the ambient lights we are able to find a scenario in which all the entanglement measures fail to detect entanglement except for L 3 . For this case the measurements obtained are shown in Table I . It is clear to see from these results that L 3 has a much higher sensitivity than the Bell measurement. In this particular case the surprising result should be noted that after L 2 failed to measure entanglement, simply four extra measurements concatenated to L 2 gives a higher sensitivity which is able to detect the entanglement. However, we would like to stress the fact that extra effort needed to be made to create Werner noise. This suggests that for down-conversion sources where noise is naturally polarized, the L 2 measure should be good enough by itself. That is to say that most of the time one can expect to characterize entanglement with only eight measurements. The density matrix for the entangled state and the noise term is reconstructed in the same way as was done above for the maximally polarized case. The explicit form of the noise was found to be FIG. 2. Entanglement is plotted for various two-photon interference visibilities. This is simply used as a convenient method of charting the entanglement, and is not intended to convey any deeper physical meaning. For a visibility of 0.32, J H can be seen to violate its bound while the Bell measurement does not, thus demonstrating its higher sensitivity. 
͑14͒
For alignment tolerances of ±2°these results are reproduced almost exactly for a value of p ϳ 0.32. This value is slightly less than the lower bound of 1 / 3 for Werner noise because the density matrix of the noise term still had distinct polarization signatures as seen in Eq. (14) , which allows for a smaller lower bound. In summary, we have investigated an entanglement measure based on sum of spin-variances and have shown that it has an enormous advantage over a Bell's measure. These types of spin-variance based measures were initially introduced by Hofmann and Takeuchi [12] , where it was shown that variance sum arguments for characterizing entanglement in continuous variable systems could also be applied to discrete N-level systems. In this paper we have explicitly investigated their increased sensitivities and experimental advantages. We suggest that these sum-variance inequalities could be very useful as standard entanglement measures for spin-1 / 2 systems. They are immediately intuitive, appealing to our knowledge of correlated conditional measurements in arbitrary bases as a signature of entanglement. They are concatenating, where higher sensitivities can be achieved simply by appending new measurements. Ultimately, we are able to measure the entire range of entanglement allowed by the Peres separability criterion for Werner and maximally polarized noise, which suggests that this is an optimum measurement of entanglement for bipartite spin-1 / 2 entangled states. We believe that these sum-variance inequalities would be of immediate utility to experimentalists, being very closely related to visibility measurements which are very popular. It provides a simpler and superior alternative to a Bell's measurement, with the added incentive of being able to convert previous measurements of visibility into characterizable measurements of entanglement. Also of interest is whether the implied optimality of these inequalities extends to the multipartite and higher N-level systems.
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